Generalized nonlinear models of suspension bridges  by Malík, Josef
J. Math. Anal. Appl. 324 (2006) 1288–1296
www.elsevier.com/locate/jmaa
Generalized nonlinear models of suspension bridges ✩
Josef Malík
Institute of Geonics of the Academy of Sciences, Studetská 1768, 708 00 Ostrava-Poruba, Czech Republic
Received 5 October 2005
Available online 15 February 2006
Submitted by P.J. McKenna
Abstract
This paper generalizes some results established in [J. Malík, Nonlinear models of suspension bridges,
J. Math. Anal. Appl., in press]. The geometric nonlinearity connected with the torsion of a road bed is in-
cluded in the generalized model. The basic variational equations are derived from the principle of minimum
energy. The existence of a solution to the generalized problem is proved. The existence is based on the
Brouwer fixed-point theorem.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
This paper generalizes the author’s paper [1] in which some models of suspension bridge were
studied. The main focus of that paper was on the models describing the vertical deformation of
the road bed suspended by the cable stays fixed to the main cable.
The models were based on two hypotheses:
• The main cables are perfectly flexible and inextensible.
• The cable stays resist extension, but not compression.
In the above-mentioned paper the existence of a solution to the problem connected with the
model describing the vertical deformation of a road bed was proved. Some other properties, for
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applied to the model of suspension bridge with the torsional deformation of the road bed if this
torsion is sufficiently small. This means the torsional angle ϕ satisfies the relation sinϕ ≈ ϕ.
If the relation is not satisfied the proof of the existence of a solution requires, according the
author’s view, some additional ideas.
In this paper variational equations describing the vertical and torsional deformation of the road
bed are derived from the principle of minimum energy. The geometric nonlinearity connected
with the torsion is incorporated in the generalized model.
The existence of a solution to the generalized problem is based on the Brouwer fixed-point
theorem.
The local uniqueness and stability of solutions to the new generalized problem can be studied
in a similar way as in [1].
2. Setting up the problem
We deal with one type of suspension bridge, where the road bed is divided into three separate
parts: the centre span and the two side spans. In this case the model can be represented by the
mechanical system depicted in Fig. 1. We can study other types of suspension bridge as we did
in [1], but it does not mean any difficulty from the mathematical point of view.
The main cable is modelled as a polygon consisting of points (x0, y0), (x1, y1), . . . ,
(xn+1, yn+1) from R2, where (x0, y0), (xn+1, yn+1) are fixed. Let us denote x = (x1, . . . , xn),
y = (y1, . . . , yn).
The main cable is flexible and inextensible. If we neglect sags of the main cable in the intervals
(xi, yi), (xi+1, yi+1), i = 0, . . . , n, then the flexibility and inextensibility of the main cable can
be expressed by the relations
fi(x, y) = l2i , i = 1, . . . , n+ 1, (2.1)
where li is the length of the interval (xi−1, yi−1), (xi, yi) and fi(x, y) is defined as follows:
Fig. 1.
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We say that x, y ∈ Rn satisfy condition (A) if Eqs. (2.1) hold.
The centre span is modelled as a beam supported at both ends. Let us consider both the vertical
deflection and the torsion of the beam, which can be described by two functions u(z), ϕ(z)
defined on 〈0,L〉. The meaning of these functions is apparent from Fig. 2.
Our formulation is based on the principle of minimum energy, but first of all let us define the
forms
bV (u, v) =
L∫
0
KV u
′′v′′ dz, bT (ϕ,ψ) =
L∫
0
KT ϕ
′ψ ′ dz,
LF (v) =
L∫
0
Fv dz, LG(ψ) =
L∫
0
Gψ dz,
Lc(y) =
n∑
i=1
Fiyi, φ(y, v) = 12
n∑
i=1
ki
((
yi − pi − v(zi)
)+)2
,
where KV , KT belong to L∞(0,L) and satisfy the inequalities
KV (z) > , KT (z) > , z ∈ (0,L),  > 0. (2.2)
The bilinear forms bV (·,·), bT (·,·) are defined in the spaces
WV =
{
u ∈ H 2(0,L) | u(0) = u(L) = 0}, WT = {ϕ ∈ H 1(0,L) | ϕ(0) = ϕ(L) = 0},
where Hi(0,L), i = 1,2, are the Sobolev spaces of once and twice differentiable functions on
(0,L). The bilinear forms represent the energy of the beam connected with the vertical and
torsional deformation.
The linear forms LF (v), LG(ψ) defined on WV , WT represent the energy of gravitation acting
on the centre span. The functions F , G belong to L2(0,L).
The linear form Lc(y) defined on Rn represents the energy of the gravitational forces acting
on the main cable. These forces are concentrated on the points (xi, yi), i = 1, . . . , n. Since the
upward direction is positive, the inequalities
Fig. 2.
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hold.
The form φ(y, v) represents the deformation energy of one row of cable stays if the torsion
of the centre span vanishes and the deflection is denoted as u(z). The constants ki , pi , i =
1, . . . , n, correspond to the stiffness and length of cable stays. The term x+ is equal max{0, x}
and corresponds to the nonlinearity of cable stays which resist extension but not compression.
If x1 = (x11 , . . . , x1n), y1 = (y11 , . . . , y1n) and x2 = (x21 , . . . , x2n), y2 = (y21 , . . . , y2n) describe the
shape of the main cables, then the deformations of the ith pair of the cable stays are
y1i − pi − u(zi)− l sinϕ(zi), y2i − pi − u(zi)+ l sinϕ(zi), (2.4)
where l is the distance between the rows of the cable stays and the longitudinal axis of the centre
span as depicted in Fig. 2.
Terms (2.4) approximate the deformation of the cable stays for larger values of torsion. During
the collapse of Tacoma Narrows bridge the value of torsion was about π/4 (see [2]), thus sinϕ
cannot be linearized by ϕ. This nonlinearity plays an important role in the stability of suspension
bridges as discussed in [3].
On considering (2.4), the deformation energy of the whole system of the cable stays is
φ
(
y1, u+ l sinϕ)+ φ(y2, u− l sinϕ).
Then we define the solution to our problem as a critical point of the functional
J
(
x1, y1, x2, y2, u,ϕ
)
= 1
2
bV (u,u)+ 12bT (ϕ,ϕ)+ φ
(
y1, u+ l sinϕ)+ φ(y2, u− l sinϕ)
−LF (u)−LG(ϕ)−Lc
(
y1
)−Lc(y2)
defined on Rn ×Rn ×Rn ×Rn ×WV ×WT , where x1, y1 and x2, y2 satisfy condition (A).
A solution to our problem may be found in the form of a solution to some variational equa-
tions.
If f (x, y) is a smooth real function defined on Rn ×Rn, then denote
gradx f (x, y) =
(
∂
∂x1
f, . . . ,
∂
∂xn
f
)
, grady f (x, y) =
(
∂
∂y1
f, . . . ,
∂
∂yn
f
)
.
If x, y ∈ Rn satisfy (A), then we say that y˜ ∈ Rn satisfies (A) in the differential sense if there
exists x˜ ∈ Rn such that the equations〈
gradx fi(x, y), x˜
〉+ 〈grady fi(x, y), y˜〉= 0, i = 1, . . . , n+ 1,
hold, where fi are the functions in (2.1) and 〈·,·〉 is the usual scalar product in Rn.
If x1, y1, x2, y2, u, ϕ are a critical point of J , then x1, y1 and x2, y2 satisfy (A) and the
variational equations
n∑
i=1
(
ki
(
y1i − pi − u(zi)− l sinϕ(zi)
)+ − Fi)y˜1i = 0,
n∑
i=1
(
ki
(
y2i − pi − u(zi)+ l sinϕ(zi)
)+ − Fi)y˜2i = 0 (2.5)
hold for all y˜1, y˜2 ∈ Rn satisfying (A) in the differential sense in x1, y1 and x2, y2.
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bV (u, v)−
n∑
i=1
ki
(
y1i − pi − u(zi)− l sinϕ(zi)
)+
v(zi)
−
n∑
i=1
ki
(
y2i − pi − u(zi)+ l sinϕ(zi)
)+
v(zi) = LF (v) (2.6)
holds, where v is arbitrary from WV .
For ϕ ∈ WT the variational equation
bT (ϕ,ψ)−
n∑
i=1
ki
(
y1i − pi − u(zi)− l sinϕ(zi)
)+
l cosϕ(zi)ψ(zi)
+
n∑
i=1
ki
(
y2i − pi − u(zi)+ l sinϕ(zi)
)+
l cosϕ(zi)ψ(zi) = LG(ψ) (2.7)
holds, where ψ is arbitrary from WT .
The values x1, y1 and x2, y2 satisfying (A) define the shapes of the main cables. On solving
our problem, we restrict ourselves to the solutions satisfying the following additional conditions.
We say that x, y ∈ Rn satisfy condition (B) if the inequalities
xi < xi+1, i = 0, . . . , n, sk < sk+1, k = 1, . . . , n,
hold, where
sk = (yk − yk−1)/(xk − xk−1).
We say that x1, y1, x2, y2, u, ϕ from Rn × Rn × Rn × Rn × WV × WT are a solution to the
problem P if x1, y1 and x2, y2 satisfy (A), (B) and the variational equations (2.5)–(2.7) hold.
3. Some auxiliary results
In this section we give an overview of some results proved in [1] which are applied in the
proof of the existence of a solution to P .
Let (x0, y0), (xn+1, yn+1) from R2 and real numbers li > 0, i = 1, . . . , n + 1, be given. We
say that these parameters satisfy condition (C) if the inequalities
li < xn+1 − x0, i = 1, . . . , n+ 1,
hold.
The parameters (x0, y0), (xn+1, yn+1), li > 0, i = 1, . . . , n + 1, satisfy condition (D) if there
exist x, y ∈ Rn such that conditions (A), (B) are fulfilled.
In real situations conditions (C), (D) are entirely natural.
Let (x0, y0), (xn+1, yn+1), li > 0, i = 1, . . . , n+1, aj > 0, j = 1, . . . , n, be given. We say that
x, y ∈ R2 are a solution to the auxiliary problem A1 if x, y satisfy (A), (B) and for any y˜ ∈ Rn
satisfying (A) in the differential sense the equation
n∑
i=1
ai y˜i = 0 (3.1)
holds.
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j = 1, . . . , n, be given. Then there exist smooth functions
Φ :M → Rn, Ψ :M → Rn,
where
M = {z = (z1, . . . , zn−1) ∈ Rn−1 | zi > 0, i = 1, . . . , n− 1}
such that Φ(z), Ψ (z) are the unique solution to A1, where z = ( a1a2 , a2a3 , . . . ,
an−1
an
).
4. The existence of a solution to the problem
After fixing y1 = (y11 , . . . , y1n), y2 = (y21 , . . . , y2n), γ = (γ1, . . . , γn) from Rn, let us consider
the variational equation
bV (u, v)−
n∑
i=1
ki
(
y1i − pi − u(zi)− l sinγi
)+
v(zi)
−
n∑
i=1
ki
(
y2i − pi − u(zi)+ l sinγi
)+
v(zi) = LF (v). (4.1)
We say that the function u ∈ WV is a solution to the auxiliary problem A2 if (4.1) holds for
all v ∈ WV .
Lemma 4.1. There exists a continuous function
Θ :Rn ×Rn ×Rn → W
such that Θ(y1, y2, γ ) is the unique solution to A2 corresponding to the parameters y1, y2, γ .
Proof. Since the inequality (a+ − b+)(a − b) 0 holds for all real a, b, the inequalities
n∑
i=1
ki
{(
ysi − pi − u(zi)± l sinγi
)+ − (ysi − pi − v(zi)± l sinγi)+}(v(zi)− u(zi)) 0,
−
n∑
i=1
ki
{(
ysi − pi − u(zi)± l sinγi
)+ − (ysi − pi ± l sinγi)+}u(zi) 0, s = 1,2,
(4.2)
are satisfied for all u,v ∈ WV .
Let us define the operator B :WV → W ∗V as follows:
〈
B(u), v
〉= bV (u, v)−
n∑
i=1
ki
(
y1i − pi − u(zi)− l sinγi
)+
v(zi)
−
n∑
i=1
ki
(
y2i − pi − u(zi)+ l sinγi
)+
v(zi)−LF (v),
where 〈·,·〉 is the natural duality on W ∗V ×WV .
If we consider (2.2) and the definition of WV , then for all u ∈ WV the estimate
α‖u‖2W  bV (u,u) (4.3)V
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From (4.2), (4.3) it follows the inequality
α‖u− v‖2WV 
〈
B(u)−B(v),u− v〉 (4.4)
which is valid for all u,v ∈ WV .
Then from the theory of monotone operators it follows the existence of a unique solution
to A2.
Let y1, y2, γ belong to Rn and u be the solution to A2 corresponding to these parameters.
Then we have
bV (u,u)−
n∑
i=1
ki
{(
y1i − pi − u(zi)− l sinγi
)+ − (y1i − pi − l sinγi)+}u(zi)
−
n∑
i=1
ki
{(
y1i − pi − u(zi)+ l sinγi
)+ − (y1i − pi + l sinγi)+}u(zi)
=
n∑
i=1
ki
{(
y1i − pi − l sinγi
)+ + (y2i − pi + l sinγi)+}u(zi)+LF (u). (4.5)
If we consider (4.3) and the inequality (a+ − b+)(a − b)  0 valid for all real a, b, then
Eq. (4.5) yields the inequality
‖u‖WV  C
(
1 + ∣∣y1∣∣
Rn
+ ∣∣y2∣∣
Rn
)
, (4.6)
where C is a positive constant independent of y1, y2, γ .
Let y1,k , y2,k , γ k converge to y1, y2, γ in Rn as k → ∞ and uk be the corresponding sequence
of the solutions toA2. Inequality (4.6) yields the boundedness of uk . Since WV is a Hilbert space,
there exists a subsequence uj of the sequence uk which weakly converges to u in WV . The space
WV is compactly embedded in C(〈0,L〉), which yields
uj (yi) → u(yi) as j → ∞, i = 1, . . . , n. (4.7)
From (4.7) it follows that u is a solution to A2 corresponding to the parameters y1, y2, γ .
Since A2 is uniquely solvable, the whole sequence uk weakly converges to u and we can
change j for k in (4.7).
On considering that uk , u are the solutions to A2 for the corresponding parameters, we have
bV (u − uk,u− uk)
=
n∑
i=1
ki
{(
y
1,k
i − pi − uk(zi)− l sinγ ki
)+
− (y1i − pi − u(zi)− l sinγi)+}(u(zi)− uk(zi))
+
n∑
i=1
ki
{(
y
2,k
i − pi − uk(zi)+ l sinγ ki
)+
− (y2,ki − pi − u(zi)+ l sinγi)+}(u(zi)− uk(zi)).
The last equation together with (4.3) and (4.7) yields the continuity of Θ , which proves the
lemma. 
J. Malík / J. Math. Anal. Appl. 324 (2006) 1288–1296 1295Remark 4.1. If we restrict Θ on the set M1 ×M2 ×Rn, where M1, M2 are bounded in Rn, then
Θ(M1 ×M2 ×Rn) is bounded in both WV and C(〈0,L〉). This follows from (4.6).
If y1, y2, γ belong to Rn and u is the solution to A2 corresponding to these parameters, then
we can consider the variational equation
bT (ϕ,ψ)−
n∑
i=1
ki
(
y1i − pi − u(zi)− l sinγi
)+
l cosγiψ(zi)
+
n∑
i=1
ki
(
y2i − pi − u(zi)+ l sinγi
)+
l cosγiψ(zi) = LC(ψ). (4.8)
The function ϕ ∈ WT is a solution to the auxiliary problem A3 if (4.8) is satisfied for all
ψ ∈ WT .
Lemma 4.2. There exists a continuous function
Γ :Rn ×Rn ×Rn → WT
such that Γ (y1, y2, γ ) is the unique solution to A3 corresponding to the parameters y1, y2, γ .
Proof. The proof is contained in the proof of Lemma 4.1. If we consider that solutions of (4.8)
continuously depend on y1, y2, γ and u(zi) which continuously depends on these parameters
too, we have the desired result. 
Remark 4.2. If we restrict Γ on the set M1 ×M2 ×Rn, where M1, M2 are bounded in Rn, then
Γ (M1 ×M2 ×Rn) is bounded in both WT and C(〈0,L〉). It follows from a similar consideration
as in Remark 4.1.
Theorem 4.1. Let (x0, y0), (xn+1, yn+1), li > 0, i = 1, . . . , n + 1, satisfy (C), (D), then P has a
solution.
Proof. There exist a, b ∈ R, a < b, such that if x, y ∈ Rn satisfy (A), then the inequalities
a  yi  b, i = 1, . . . , n,
hold.
Let us denote
M = {y ∈ Rn | a  yi  b, i = 1, . . . , n}.
The proof of the existence of a solution is based on a fixed point of the function
(R1, . . . ,R3n) =R :M ×M ×Rn → M ×M ×Rn
which is defined bellow.
Let y1 ∈ M , y2 ∈ M , γ ∈ Rn and u ∈ WV be the solution to A2 corresponding to y1, y2, γ .
Then consider the relations
a1i = ki
(
y1i − pi − u(zi)− l sinγi
)+ − Fi,
a2i = ki
(
y2i − pi − u(zi)+ l sinγi
)+ − Fi, i = 1, . . . , n. (4.9)
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2
i , i = 1, . . . , n, continuously depend on y1, y2, γ .
Moreover, relations (2.3) yield the inequalities
a1i > 0, a
2
i > 0, i = 1, . . . , n. (4.10)
From (4.10) and Lemma 3.1 it follows the existence of solutions x¯1, y¯1 and x¯2, y¯2 to A1 for
the parameters a1i , a
2
i , i = 1, . . . , n. Lemma 4.1 and (4.9) yield the continuity of x¯1, y¯1 and x¯2,
y¯2 on y1, y2, γ . Moreover, from the definition of M it follows that y¯1, y¯2 belong to M .
Let us define the continuous functions
Ri
(
y1, y2, γ
)= y¯1i , i = 1, . . . , n,
Ri
(
y1, y2, γ
)= y¯2i−n, i = n+ 1, . . . ,2n.
If ϕ is the solution to A3 corresponding to the parameters y1, y2, γ , then we can define the
functions
Ri
(
y1, y2, γ
)= ϕ(zi−2n), i = 2n+ 1, . . . ,3n.
Lemma 4.2 yields the continuity of these functions.
From the definition of R it follows R(M × M × Rn) ⊂ M × M × Rn and from Remark 4.2
it follows that R(M ×M ×Rn) is even bounded.
Then we can use the Brouwer fixed point theorem which guarantees the existence of a fixed
point (y˜1, y˜2, γ˜ ) of R.
Let u˜, ϕ˜ be the solutions to A2, A3 for the parameters y˜1, y˜2, γ˜ . Let x˜1, z˜1 and x˜2, z˜2 be the
solutions to A1 for the parameters a˜1i , a˜2i , i = 1, . . . , n, given by (4.9), where y1, y2, γ , u are
changed for y˜1, y˜2, γ˜ , u˜. Since (y˜1, y˜2, γ˜ ) is a fixed point of R, the relations z˜1 = y˜1, z˜2 = y˜2
hold.
Employing this result and comparing the variational equations (3.1), (4.1), (4.8) for a˜1i , a˜2i ,
i = 1, . . . , n, y˜1, y˜2, γ˜ with the variational equations (2.5)–(2.7), we can see that x˜1, y˜1, x˜2, y˜2,
u˜, ϕ˜ are a solution to P . 
Remark 4.3. The inequalities
y1i − pi − u(zi)− l sinϕ(zi) > 0,
y2i − pi − u(zi)+ l sinϕ(zi) > 0, i = 1, . . . , n
correspond to the situation, when the cable stays do not loosen. In this case we can employ
the methods developed in [1] and study the questions connected with the local uniqueness and
stability of solutions.
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